In this paper, we study the Jacobi sums over Galois rings of arbitrary characteristics and completely determine their absolute values, which extends the work in [8] , where the Jacobi sums over Galois rings with characteristics a square of a prime number were discussed.
In this section, we collect some definitions, notations and basic results about Galois rings given in [14] . Let n ∈ N such that n ≥ 2. Let h be a monic primitive polynomial of degree s > 0 in Z p n [X ] such that h|(X p s −1 −1) in Z p n [X ] . Then the Galois ring GR(p n , p ns ) of characteristic p n is defined by the quotient ring Z p n [X ]/(h(x)).
In this way, there is a root ξ of h with order p s − 1. Let T = {0, 1, ξ 1 , ξ 2 , · · · , ξ p s −2 } and T * = T − {0}. Then GR(p n , p ns ) = {a 0 + a 1 ξ + a 2 ξ 2 + · · · + a s−1 ξ s−1 | a 1 , a 2 , · · · , a s−1 ∈ Z p n } Moreover, each c ∈ GR(p n , p ns ) can be uniquely written as c = c 0 + pc 1 + p 2 c 2 + · · · + p n−1 c n−1 with c 0 , c 1 , · · · , c s−1 ∈ T . It is easy to see that c is a unit in GR(p n , p ns ) if and only if c 0 = 0.
For abbreviation, set q = p s , R = GR(p n , p ns ), M = pR and denote R * the set of units in R. Then R * = T * × (1 + M), |R| = q n , |R * | = q n − q n−1 and |p k R| = q n−k for each 0 ≤ k ≤ n. Let 1 ≤ k ≤ n. Set R k = {c 0 + pc 1 + p 2 c 2 + · · · + p k−1 c k−1 | c 0 , c 1 , · · · , c k−1 ∈ T } and R * k = {c 0 + pc 1 + p 2 c 2 + · · · + p k−1 c k−1 | c 0 ∈ T * , c 1 , · · · , c k−1 ∈ T }. Then each c ∈ R * can be uniquely written as c = a + p k b with a ∈ R * k , b ∈ R n−k . Define φ : R → R as a 0 + a 1 ξ + a 2 ξ 2 + · · · + a s−1 ξ s−1 → a 0 + a 1 ξ q + a 2 ξ 2q + · · · + a s−1 ξ (s−1)q for each (a 0 , a 1 , a 2 , · · · , a s−1 ) ∈ (Z p n ) s . Then φ is an automorphism of R satisfying φ(x) = x for each x ∈ Z p n .
The generalized trace map tr n from R to Z p n is defined as x → x + φ(x) + · · · + φ s−1 (x). The canonical additive character λ on R is defined as x → e 2πi p n tr n (x) . For each b ∈ R, define λ b : R → C * as x → λ(bx). Then λ b is an additive character and {λ b | b ∈ R} contains all the additive characters on R, we will denote it by R.
Let 1 ≤ k ≤ n − 1. Let τ n−k be the map from Z p n to Z p n−k defined by a → a (mod p n−k ). Then it can be extended to a map from Z p n [X ] to Z p n−k [X ] . Let f (x) ≡ h(x) (mod p n−k ). Then f is also a monic primitive polynomial of degree s dividing
Let tr n−k be the generalized trace map from GR(p n−k , p (n−k)s ) to Z p n−k . It is easy to check that τ n−k (tr n (x)) = tr n−k (τ n−k (x)) for each x ∈ R.
A multiplicative character on R is a homomorphism of groups from R * to C * . The set of all multiplicative characters on R will be denoted by R * . Let χ ∈ R * . Let 1 ≤ k ≤ n. If χ is trivial on 1 + p k R but non-trivial on 1 + p k−1 R, then we say that χ is k-trivial. Moreover, we say that χ is primitive if χ is n-trivial (compare to [13] ).
In the rest of the paper, we always denote R the Galois ring GR(p n , p ns ) and χ 0 the trivial multiplicative on R.
3 Absolute values of Gauss sums over GR(p n , p ns )
In this section, we determine the absolute values of Gauss sums over Galois rings, which will help us determine absolute values of Jacobi sums over Galois rings in the next section.
Let χ ∈ R * and λ ∈ R. The Gauss sum of χ, λ is defined by
The following Lemma contains all trivial cases of the Gauss sum G(χ, λ). 
The following theorem completely determine the absolute values of Gauss sums over R, where the first case was given in [7] . We give a unified proof here. (2) Let a = p k u with u ∈ R * n−k and 1 ≤ k ≤ n − 1. Then
Proof Let 0 ≤ k ≤ n − 1. It is easy to see that |G(χ, ψ p k u )| = |G(χ, ψ p k )| for each u ∈ R * n−k . It suffices to calculate |G(χ, ψ p k )|. By definition, we have
Denote R n−1,s the Galois ring GR(p n−1 , p (n−1)s ) and λ the canonical additive character on R n−1,s . Recall that τ n−1 (tr n (x)) = tr n−1 (τ n−1 (x)) for each x ∈ R, we have
Similarly, λ τ n−1 (p k (z−1)) is trivial if and only if z ∈ 1 + p n−k−1 R n−1,s . It follows that (1) It follows by setting k = 0 in (3.1).
4 Jacobi sums over GR(p n , p ns ) Let m ≥ 2. Let λ 1 , λ 2 · · · , λ m be m multiplicative characters on R. Let a ∈ R. Define the Jacobi sum of
Consequently, it suffices to determine J a (λ 1 , λ 2 · · · , λ m ) for a ∈ {0, 1, p, · · · p n−1 }.
Trivail cases
The following lemma helps us determine J a (λ 1 , λ 2 · · · , λ m ) for some trivial cases, the proof is inspired by the proof of [4, Lemma 9].
Lemma 4.1 Let m ≥ 2 and a ∈ R. The number S(n, r) * of solutions (c 1 , c 2 , · · · , c m ) ∈ (R * ) m of the equation
Proof Let χ be the canonical additive character on R. Then
.
It follows from [6, Proposition 2.5] that ∑
Then we get that
As a direct consequence of the previous lemma, we have Lemma 4.2 Let m ≥ 2. Let χ 1 , χ 2 · · · , χ m be m multiplicative characters on R. If
Similar to the proof of [9, Theorem 5 .20], one can prove the following result by Lemma 4.1.
χ m (−1)(q n − q n−1 )J(χ 1 , χ 2 · · · , χ m−1 ), if χ 1 χ 2 · · · χ m is trivial.
Let χ ∈ R * and S ⊆ R * . If χ(s) = 1 for all s ∈ S, then we write χ(S) = 1. Otherwise, we write χ(S) = 1.
The proof of the following lemma is similar to the work in [8] , we omit it.
Lemma 4.4 Let χ 1 , χ 2 ∈ R * . Then we have the following.
(1)
Jacobi sums of two multiplicative characters
Lemma 4.5 Let χ 1 , χ 2 ∈ R * non-trivial such that χ 1 χ 2 = 1. Then we have the following.
Proof (1) Since χ 1 χ 2 = 1, we have
where the last equation follows from χ 2 = χ 0 . If χ 2 (1 + pR) = 1, then ∑ y∈1+pR χ 2 (y) = 0 and therefore J(χ 1 , χ 2 ) = 0. If χ 2 (1 + pR) = 1, then ∑ y∈1+pR χ 2 (y) = q n−1 and therefore J(χ 1 , χ 2 ) = −χ 2 (−1)q n−1 .
(2) Similar to the proof of (1), we get that
This finishes the proof of the lemma.
Lemma 4.6 Let χ 1 , χ 2 ∈ R * such that χ 2 is primitive.
(1) Suppose χ 1 χ 2 (1 + p n−1 R) = 1. Then J p k (χ 1 , χ 2 ) = 0 for 1 ≤ k ≤ n − 1.
(2) Suppose χ 1 χ 2 (1 + p n−1 R) = 1. Then J(χ 1 , χ 2 ) = 0.
Proof (1) By definition, we have
Recall that for any x ∈ R * , there exist y ∈ R * n−1 and z ∈ R 1 such that x = y(1 + p n−1 z). Then 1 − p k x = 1 − p k y.
As a result, J p k (χ 1 , (2) For abbreviation, set A = {x ∈ R * n−1 | x ≡ 1 (mod p)}. Similar to the proof of (1), we have
Note that (1 + p n−1 y) −1 = 1 − p n−1 y. Since χ 1 χ 2 (1 + p n−1 R) = 1, we get that ∑ y∈R 1
It is easy to see that for any x ∈ A, 1 + x(1 − x) −1 / ∈ pR. Since χ 2 (1 + p n−1 R) = 1, we get that J(χ 1 , χ 2 ) = 0.
The following lemma is inspired by [13, Lemma 2.4].
Lemma 4.7 Let λ be the canonical additive character on R. Let χ 1 , χ 2 ∈ R * such that χ 2 is primitive.
Suppose that χ 1 χ 2 is t-trivial for some 1 ≤ t ≤ n − 1. Let 1 ≤ k ≤ n − 1.
(1) If n = t + k, then J p k (χ 1 , χ 2 ) = 0.
(2) If n = t + k, then J p k (χ 1 ,
Lemma 4.8 Let λ be the canonical additive character on R. Let χ 1 , χ 2 ∈ R * such that χ 1 χ 2 is primitive.
Proof Firstly, we have G(χ 1 , λ)G(χ 2 , λ) = ∑ a∈R λ(a)J a (χ 1 , χ 2 ). It follows from Lemma 4.6 that J a (χ 1 , χ 2 ) = 0 for all a ∈ M. Then we have
It follows from Theorem 3.2 that G( Then χ is a multiplicative character on R n−k,s . The following lemma can be proved directly.
General cases
Lemma 4.9 Let m ≥ 2, a ∈ R and 1 ≤ k ≤ n − 1. Let χ 1 , χ 2 , · · · , χ m ∈ R * be n − k-trivial. Then J a (χ 1 , χ 2 , · · · , χ m ) = q k J a ( χ 1 , χ 2 , · · · , χ m ),
where J a ( χ 1 , χ 2 , · · · , χ m ) is the Jacobi sum of χ 1 , χ 2 , · · · , χ m over R n−k,s .
Based on Lemma 4.9, it suffices to study the case that at least one of these characters χ 1 , χ 2 , · · · , χ m ∈ R * is primitive.
Lemma 4.10 Let m ≥ 3. Let χ 1 , χ 2 , · · · χ m ∈ R * such that χ m is primitive.
(1) Suppose that χ 1 χ 2 · · · χ m (1 + p n−1 R) = 1. Then J p k (χ 1 , χ 2 , · · · , χ m ) = 0 for 1 ≤ k ≤ n − 1.
(2) Suppose that χ 1 χ 2 · · · χ m (1 + p n−1 R) = 1. Then J(χ 1 , χ 2 , · · · , χ m ) = 0.
Proof (1) Let 1 ≤ k ≤ n − 1. For abbreviation, we always assume that (a 1 , a 2 , · · · , a m−1 ) ∈ (R * ) m−1 . By definition, we have
Since χ 1 χ 2 · · · χ m (1 + p n−1 R) = 1, we get from Lemma 4.6 that J p k (χ 1 · · · χ m−1 , χ m ) = 0. Then (1) follows.
(2) By definition, we have
Firstly, ∑ a m ∈R * \1+M ∑ a 1 +···+a m−1 =1−a m χ 1 (a 1 ) · · · χ n−1 (a n−1 ) χ m (a m ) = J(χ 1 , χ 2 , · · · , χ m−1 )J(χ 1 · · · χ m−1 , χ m ) = 0, where that last equation follows from the assumption χ 1 χ 2 · · · χ m (1 + p n−1 R) = 1 and Lemma 4.6. On the other hand, write M = n−1 k=1 p k R * n−k ∪ {0}.
• If a m = 1, then ∑ a 1 +···+a m−1 =1−a m χ 1 (a 1 ) · · · χ m−1 (a m−1 ) χ m (a m ) = J 0 (χ 1 , χ 2 , · · · , χ m−1 ). By the assumption, we get that χ 1 χ 2 · · · χ m−1 is non-trivial. It follows from Lemma 4.3 that this term equals to zero.
• By the assumption, we get that χ 1 χ 2 · · · χ m−1 (1+ p n−1 R) = 1. It follows from (1) that J p k (χ 1 , χ 2 , · · · , χ m−1 ) = 0. Suppose that 1 ≤ k ≤ n − 1. Then we have equations It follows that ∑ a m ∈1+M ∑ a 1 +···+a m−1 =1−a m χ 1 (a 1 ) · · · χ m−1 (a m−1 ) χ m (a m ) = 0. Consequently, J(χ 1 , χ 2 , · · · , χ m ) = 0.
Theorem 4.11 Let m ≥ 3. Let χ 1 , χ 2 , · · · χ m ∈ R * such that χ m is primitive. Let λ be the canonical additive character on R. Then we have the following.
(1) J(χ 1 , χ 2 , · · · χ m ) =    
Conclusion
In this paper, we study the Jacobi sums over Galois rings of arbitrary characteristics and determine their absolute values, which extends the work given in [8] . We hope that these results will have similar applications as the Jacobi sums over finite fields have.
